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Course objectives:This course will enable students

1. To understand the basic concepts of the stresses and strains for different materials and strength of structural
elements.

2. To know the development of internal forces and resistance mechanism for one dimensional and two-
dimensional structural elements.

3. To analyse and understand different internal forces and stresses induced due to representative loads on
structural elements.

4. To determine slope and deflections of beams.

5. To evaluate the behaviour of torsion members, columns and struts.

Teaching-Learning Process (General Instructions)
These are sample Strategies, which teacher can use to accelerate the attainment of the various course

outcomes.
1. Blackboard teaching/PowerPoint presentations (if needed)

2. Regular review of students by asking questions based on topics covered in the class.

Module-1
Simple Stresses and Strains: Introduction, Properties of Materials, Stress, Strain, Hook’s
law, Poisson’s Ratio, Stress — Strain Diagram for structural steel, Principles of

superposition, Total elongation of tapering bars of circular and rectangular cross sections.
Composite section, Volumetric strain, expression for volumetric strain, Elastic constants,
relationship among elastic constants (No Numerical), Thermal stress and strains
Compound stresses: Introduction, Stress components on inclined planes, General two-
dimensional stress system, Principal planes and stresses, maximum shear stresses and their
planes (shear planes). Compound stress using Mohr’s circle method.

Teaching- 1.Blackboard teaching/PowerPoint presentations (if needed)

;isl;::;g 2.Regular review of students by asking questions based on topics covered in the

class.

Module-2

Bending moment and shear force diagrams in beams: Definition of shear force and
bending moment, Sign convention, Relationship between loading, shear force and bending
moment, Shear force and bending moment equations, development of Shear Force
Diagram(SFD) and Bending Moment Diagram (BMD) with salient values for cantilever,
simply supported and overhanging beams for point loads, UDL(Uniformly Distributed
Load), UVL(Uniformly Varying Load) and Couple.

Teaching- 1.Blackboard teaching/PowerPoint presentations (if needed)

;i?;::slg 2.Regular review of students by asking questions based on topics covered in

the class.

Module-3




Bending stress in beams: Introduction — Bending stress in beam, Pure bending,
Assumptions in simple bending theory, derivation of Simple bending equation (Bernoulli’s
equation), modulus of rupture, section modulus, Flexural rigidity, Problems

Shear stress in beams: Derivation of Shear stress intensity equations, Derivation of
Expressions of the shear stress intensity for rectangular, triangular and circular cross
sections of the beams. Problems on calculation of the shear stress intensities at various
critical levels of T, I and Hollow rectangular cross sections of the beam.

Teaching- 1.Blackboard teaching/PowerPoint presentations (if needed)
Learning 2.Regular review of students by asking questions based on topics covered in the
Process
class.
Module-4

Torsion: Twisting moment in shafts, simple torque theory, derivation of torsion equation,
tensional rigidity, polar modulus, shear stress variation across solid circular and hollow
circular sections, Problems

Thin cylinders: Introduction: Longitudinal, circumferential (hoop) stress in thin cylinders.
Expressions for longitudinal and circumferential stresses. Efficiency of longitudinal and
circumferential joints. Problems on estimation of change in length, diameter and volume
when the thin cylinder subjected to internal fluid pressure.

Thick cylinders: Concept of Thick cylinders Lame’s equationsapplicable to thick cylinders
with usual notations, calculation of longitudinal, circumferential and radial stresses — simple
numerical examples. Sketching the variation of radial stress (pressure) and circumferential
stress across the wall of thick cylinder. U

Teaching- 1.Blackboard teaching/PowerPoint presentations (if needed)
;iﬁi::;g 2.Regular review of students by asking questions based on topics covered in the
class.
Module-5

Elastic stability of columns: Introduction — Short and long columns, Euler’s theory on
columns, Effective length, slenderness ratio, radii of gyration, buckling load, Assumptions,
derivations of Euler’s Buckling load for different boundary conditions, Limitations of
Euler’s theory, Rankine’s formula and related problems.

Deflection of determinate Beams: Introduction, Elastic curve —Derivation of differential
equation of flexure, Sign convention, Slope and deflection using Macaulay’s method for
statically determinate beams subjected to various vertical loads, moment, couple and their
combinations. Numerical problems.

Teaching- | 1.Blackboard teaching/PowerPoint presentations (if needed)

;':E::Slg 2.Regular review of students by asking questions based on topics covered in the
class.

LABORATORY

~N N B W=

. Dimensionality of bricks, Water absorption, Initial rate of absorption

. Specific gravity of coarse and fine aggregate

. Fineness modulus of Fine and Coarse aggregate

. Compressive strength tests on building blocks (brick, solid blocks and hollow blocks)
. Tension test on Mild steel and HYSD bars

. Compression test on HYSD, Cast iron

. Bending Test on Wood under two-point loading.




8. Shear Test on Mild steel — single and double shear
9. Impact test on Mild Steel (Charpy& Izod)

Course outcome (Course Skill Set)

After completion of the course, students will be able to

1. Evaluate the behaviour when a solid material is subjected to various types of forces (namely
Compressive, Tensile, Thermal, Shear, flexure, Torque, internal fluid pressure) and estimate
stresses and corresponding strain developed. (L3)

2. Estimate the forces developed and draw schematic diagram for stresses, forces, moments for
simple beams with different types of support and are subjected to various types of loads (L3).

3. Evaluate the behaviour when a solid material is subjected to Torque and internal fluid
pressure and estimate stresses and corresponding strain developed. (L.3)

4. Distinguish the behaviour of short and long column and calculate load at failure & explain
the behaviour of spring to estimate deflection and stiffness (L.3)

5. Examine and Evaluate the mechanical properties of various materials under different loading
conditions

Assessment Details (both CIE and SEE)

The weightage of Continuous Internal Evaluation (CIE) is 50% and for Semester End Exam (SEE) is 50%. The
minimum passing mark for the CIE is 40% of the maximum marks (20 marks). A student shall be deemed to have
satisfied the academic requirements and earned the credits allotted to each subject/ course if the student
secures not less than 35% (18 Marks out of 50)in the semester-end examination(SEE), and a minimum of
40% (40 marks out of 100) in the sum total of the CIE (Continuous Internal Evaluation) and SEE (Semester
End Examination) taken together

CIE for the theory component of IPCC

Two Tests each of 20 Marks (duration 01 hour)

e First test at the end of 5t week of the semester
e Second test at the end of the 10th week of the semester

Two assignments each of 10 Marks

e First assignment at the end of 4th week of the semester

e Second assignment at the end of 9th week of the semester
Scaled-down marks of two tests and two assignments added will be CIE marks for the theory
component of IPCC for 30 marks.

CIE for the practical component of IPCC

e On completion of every experiment/program in the laboratory, the students shall be
evaluated and marks shall be awarded on the same day. The1l5 marks are for conducting
the experiment and preparation of the laboratory record, the other 05 marks shall be for
the test conducted at the end of the semester.

e The CIE marks awarded in the case of the Practical component shall be based on the
continuous evaluation of the laboratory report. Each experiment report can be evaluated
for 10 marks. Marks of all experiments’ write-ups are added and scaled down to 15 marks.

e The laboratory test (duration 02/03 hours) at the end of the 15t week of the semester
/after completion of all the experiments (whichever is early) shall be conducted for 50
marks and scaled down to 05 marks.

Scaled-down marks of write-up evaluations and tests added will be CIE marks for the laboratory




component of IPCC for 20 marks.

SEE for IPCC
Theory SEE will be conducted by University as per the scheduled timetable, with common
question papers for the course (duration 03 hours)

1. The question paper will have ten questions. Each question is set for 20 marks. Marks scorded

shall be proportionally scaled down to 50 Marks

2. There will be 2 questions from each module. Each of the two questions under a module (with
a maximum of 3 sub-questions), should have a mix of topics under that module.
3. The students have to answer 5 full questions, selecting one full question from each module.

The theory portion of the IPCC shall be for both CIE and SEE, whereas the practical portion
will have a CIE component only. Questions mentioned in the SEE paper shall include
questions from the practical component).

e The minimum marks to be secured in CIE to appear for SEE shall be the 12 (40% of
maximum marks-30) in the theory component and 08 (40% of maximum marks -20) in the
practical component. The laboratory component of the IPCC shall be for CIE only. However,
in SEE, the questions from the laboratory component shall be included. The maximum of
04/05 questions to be set from the practical component of IPCC, the total marks of all
questions should not be more than the 20 marks.

SEE will be conducted for 100 marks and students shall secure 35% of the maximum marks to
qualify in the SEE. Marks secured will be scaled down to 50.

Suggested Learning Resources:
Books

1.Timoshenko and Young, “Elements of Strength of Materials” ,EastWest Press, 5t edition 2003
2.R. Subramanyam, “Strength of Materials”, Oxford University Press, 3rd Edition -2016

3.B.C Punmia Ashok Jain, Arun Jain, “Strength of Materials”, Laxmi - 2018-22 Publications,
10th Edition-2018

Web links and Video Lectures (e-Resources):

1.Strength of Materials web course by IIT Roorkee https://nptel.ac.in/courses/112107146/

2.Strength of Materials video course by IIT Kharagpur https://nptel.ac.in/courses/105105108/

3.Strength of Materials video course by IIT Roorkee https://nptel.ac.in/courses/112107147/18

4.All contents organized http://www.nptelvideos.in/2012/11/strengthof-materials-prof.html



https://nptel.ac.in/courses/112107146/
https://nptel.ac.in/courses/105105108/
https://nptel.ac.in/courses/112107147/18
http://www.nptelvideos.in/2012/11/strengthof-materials-prof.html

Activity Based Learning (Suggested Activities in Class)/ Practical Based learning
Seminars/Quizz(To assist in GATE Preparations

Demonstrations in Lab

Self Study on simple topics

Simple problems solving using Excel

Virtual Lab Experiments
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Strength of Materials 21CV33

UNIT -I

SIMPLE STRESSES AND STRAINS

1. CLASSIFICATION OF ENGINEERING MECHANICS
ENGINEERING MECHANICS
Mechanics of solids Mechanics of Fluids
/\ STRENGTH OF MATERIALS
Mechanics of Rigid Mechanics of
Bodies Deformable Bodies Theory of Elasticity
Theory of Plasticity
2. INTRODUCTION

2.1. Definition
Strength of materials is a branch of engineering mechanics which deals with the effects of
forces applied on the bodies or structures or materials which are deformable in nature.

It deals with the relations between the externally applied loads or forces and the
internal effects in the body. In day to day work, we come across bodies or members such as
beams, columns Shafts etc which are made up of Steel, Concrete, Timber, Aluminum etc

When materials are loaded they first deform before actual failure takes place. Hence
before selecting any material for engineering purpose, it is important to know the behavior of
the material under the action of loads and also the strength of the material.

The assessment of the strength and behavior of the materials can be done by knowing
the various properties of the materials such as rigidity, Plasticity, Elasticity Etc

2.2 Assumptions in Strength of Materials

1. All bodies are deformable.

2. Materials are perfectly elastic.

3. Materials are isotropic and homogenous.
4. Principle of superposition is valid
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5. St. Venant's Principle is valid. ("At points away from the loading points,
the behaviour of material will be independent of gripping forces or type of
application of load or local effects.")

SIMPLE STRESSES AND STRAINS

When a material is subjected to external forces or loads, it tends to deform. However
due to cohesion between the particles in the body, the material offers resistance to
deformation. (If the force is increased the resistance as well as the deformation also increases).

(The material will offer necessary resistance to deformation when the load is within a certain
limit). When material is not capable of offering necessary resistance against external forces,
permanent deformation will set in and failure of the member may occur, if the load is
increased.

3.1. Stress (p, f, o)

Whenever some external forces acts on a body it sets up a deformation and the body
inturn offers some resistance against deformation . this resistance per unit area to deformation
is known as “stress”.

Mathematically stress is defined as the force per unit area.

P<—‘ R R 2 > P

Fig.1
In the above case the stress action on the body is given as
p =P/A, Where,
p - Intensity of stress
A - cross sectional area
P - Applied load

Unit — N/mm?, kN/m?, N/cm? etc
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3.2. Types of Stress:-

3.2.1. Tensile Stress (pt)

When a load applied on a body tends to pull the material away from each other,
causing extension of the body in the direction of the applied load, the load is called a
Tensile load and the corresponding stress induced is called Tensile stress.

Pe—F 7 SR prr—> P

Fig 2

Let us consider a uniform bar of cross sectional area ‘A’ and subjected to an axial pull
‘P’ at both ends. Let us consider a section to divide the bar into two parts. For equilibrium
the two portions of the bar at the sectional plane, a resisting force ‘R’ is developed due to
equilibrium R=P.

Therefore tensile stress, o =R/A=P/A
Units of stress —

In SI system the units are expressed in N/mm?, kN/m? N/cm? ( it is also expressed in
Pascal 1 pascal = IN/m?)

3.1.2. Compressive Stress:- (pcor f; or o)

When a load applied on a body tends to push the particles of the material closer to
each other, causing shortening of the body in the direction of the applied forces, the
applied force is known as compressive force and the corresponding stress is known as
compressive stress.

e B S P
P— 7O 1T
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P—P/}/,J———®-""“::_§.5.-.- q @ ——————— — P

Fig-3

The compressive stress at any section along the length of the load is given as

Resisting force

.= -
Cross sectlonal area
S R P
€= 4 74

Units — N/mm?, KN/m?, N/cm? etc

3.1.3. Shear stress:- (T or Q)

When a load applied on a body causes one portion of the body to slide over the
adjoining portion, such a force is known as Shear Force and the corresponding stress is
known as Shear Stress.

L

NI/

it

Fig-4

As shown in the fig, the body might separate into two portions causing one portion to
slide over the another. At the plane of separation a resisting force ‘R’ is developed. Thus
shear stress is given as
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Resisting force

B Applied Area

|

R
T _ —
A

In the above, Tensile stresses and compressive stresses are known as Direct stresses.
Whereas Shear stresses is known as Tangential stresses.

3.2. Strain:- (e or ¢)

When a force is applied on a body, the body changes its dimension, The measure of
deformation is known as strain.

Mathematically, strain is defined as the ratio of change in length to the original length. Itis a
dimensionless quantity

N
A\

Consider, a bar subjected to an axial force P. Let | be the original length of the bar. Let (I+dl)
be the new length of the bar, such that dl represents change in length. Therefore, Strain

dl
C= —
l

The strain depends on the nature of the load acting on a body stresses are induced in the body
and we can observe, the following types of strains.

3.21 Tensile strain :-

N
\ 2
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When a tensile force acts on a body, it elongates in the direction of force P by an amount
of dl and then the strain is called Tensile Strain.

Thus, tensile strain is given as

dl
=+ —

3.2.2. Compressive strain: dl

N
A\ 4

When an axial compressive force acts on a body causing shortening of the body by an
amount ‘dl’ in the direction of the applied force, the strain observed is called compressive
strainand it is given as

3.2.3. Shear strain :-

A7 - 7B

Fig P
Consider an element of unit thickness subjected to a shear force as shown in fig. The body
deforms as shown (Point D shifts to D and Point C shifts to C)

Let @ represent the angular rotation of the vertical faces. Let dl represent the horizontal on
transverse displacement of the upper face with respect to the lower face. This
displacement occurs over a length ‘I’. In such a case shear strain is defined as,

Transverse displacement

Shear Strain =

Distance from lower fac(perpendicular height)
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From the triangle ADD, tan ¢ = "

For very small values of ® we have tan ¢ = ¢
_dl
o=

This implies that, shear strain can be measures directly by measuring the angular rotation ®
(® is measured in radians)

4. Elasticity

When an external force acts on a body, the body tends to deform and deformation continues
till full resistance to external forces is set up. Once the load causing deformation is removed, the
body returns to its original shape. This property by virtue of which a body regains its original
shape after the external forces are removed is called Elasticity.

A material is said to be perfectly elastic if it regains its original shape completely.

Steel, Copper, Aluminum, Brass, Concrete and wood are considered to be perfectly elastic
within certain limits.

Note:-

1. A homogeneous material is one which is made up of same kind if material

throughout.
2. Anisotropic material is one which has the same elastic properties in all direction.

4.1. Elastic Limit

Elastic Limit
_— Non Linear

Stress (o)

,\f Linear

Strain(e) —
Fig 5
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When any material is loaded or stressed, it deforms, when the load is removed, the body
regains its original shape. However if the stress is increased beyond a certain value or limit, the
material fails to regain its original shape even when the load is removed. This limiting stress upto
which the material behaves as an elastic material is called elastic limit.

5. Hook’s Law
It states that “Within the elastic limit the stress is directly proportional to strain”
1,e. Stress o strain

Stress = Strain x constant

Stress
= constant

Strain

This constant is called Elastic modulus or Modulus of Elasticity or Young’s Modulus and it is
denoted as E

i,e Young’s modulus has the same unit as the stress

Consider E= ¢
g
P dl
Buto=_andc = _
A l
p
e A
SLE= dl
l
P.l
E= —_
A.d
l
o.l
pl ordl = —
dl = — E
A.E

Whenever a force is acting on a body whose cross sectional area is A and length | and E is its
elastic modulus, the change in length is given by
PL_ gl

dl = = —=
AE E
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Values of Young’s modulus E for different materials

Material Value of E

1) Steel 210 x 10° N/mm?
2) Wrought Iron 190 x 10° N/mm?
3) Cast Iron 120 x 10° N/mm?
4) Copper 90 x 10° N/mm?
5) Brass 80 x 10° N/mm?
6) Aluminum 70 x 10° N/mm?
7) Wood 10 x 10° N/mm?

6. Principle of superposition

When a number of loads are acting on a body the resulting strain according to principle of
superposition will be “The algebraic sum of the strains caused by the individual forces”

If an elastic body is subjected to a number of direct forces (tensile or compressive) at different
sections along the length of the body , deformations the individual sections can be calculated
if the free body diagrams of the individual sections are considered separately. The net (total)
deformation is sum of the individual deformations.

7. Mechanical properties of materials
The following are considered as the most important properties of engineering materials

1) Elasticity
2) Plasticity
3) Ductility
4) Malleability
5) Brittleness
6) Toughness
7) Hardness

Any material cannot posses all the above properties because the different properties oppose
each oter. Hence the engineering Materials can be classified as follows depending upon their
Mechanical properties

a) Elastic Materials:- These are materials which undergo deformation due to application
of forces and once the forces are removed the material regains its original shape.

b) Plastic materials :- These are materials which do not regain their original slope even
after the external loads acting on the mare removed
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c) Ductility :- these are material that can undergo considerable deformation without much
increase in he load od\r in simple terms, these are materials that can be drawn into
wires

d) Malleable materials:- These are Materials which can be extended in two directions
easily or in simple terms, materials which can be beaten into thin sheets.

e) E) Brittle materials:- these are materials which do not undergo any deformation before
failure when external forces act on them.

f) Tough materials :- These are materials which can resist sudden loads or shock loads
without showing any fracture on failure

g) Hard material:- These are materials that have the ability to resist surface abrasion or
indentation (Markings)

Various tests are carried out on engineering materials to assess their mechanical properties
in a material testing laboratory. They are

1) Tension test

2) Compression test
3) Impact test

4) Shear test

5) Torsion test

6) Bending test

7) Fatigue test

8) Hardness test

8. St Venant’s Principle:-

It states that, “In a bar carrying direct or normal loads, except in the extreme end regions
of the bar, the stress distribution over the cross section is uniform”.

If we consider a bar of uniform cross section (b x b) and subjected to direct axial load P,
we can consider three different sections at different distances from the extreme as in fig.
The stress distribution at different distances is different and is represented in each case as
shown above.

We see that the stress distribution is uniform at section like 3. This stress distribution is
possible if the load P acts through the centroid of the cross section or axially.

9. Tension Test on Mild Steel specimen:-

A typical tensile test specimen on mild steel is as shown above. The ends of the specimen
are gripped into a universal testing machine.
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The specimen has lager diameter at the ends to see that the specimen at the ends to see that
the specimen does not fail in the end regions. The specimen should fail in the gauged
portion. The deformation is recorded as the load is applied(increases).

The elongation is recorded with the help of strain gauges. The loading is done till the
specimen fails. A graph of stress verses strain is plotted and a typical stress strain curves
for mild steel is as follows.

— Proportionality limit  Maxirmum or
Elastic limh uttimate <
D

Upper yield point
C Fracture or E
' breaking strength
{C Lower yield point '

—
Plastic zone

J

Stress

? Elastic zone

Area = modulus of resilience

O Straln —»

Fig

Point A -Proportionality Limit

Point B- Elastic Limit

Point C- Lower Yield point

Point C’-Upper yield Point

Point D- Ultimate stress

Point E- Failure or Rupture or Breaking stress

From the graph the plot from O-A is linear i,e the stress is proportional to the strain within
this limit as such A is called proportionality limit. “Hooks Law” is valid in this region. On
further increase in load, the curve takes a fall as represented from A to C. Between A and
C there exists a point B. The material behaves like an elastic material till this limit and as
such B is called Elastic Limit. Loading the material beyond C causes permanent
deformation of the specimen i,e the cross sectional area reduces and length increases till
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the upper yield point C is reached. Loading the specimen beyond C, the material regains
some strength and this continues till ultimate stress (D) is reached. On further increase in
load the specimen finally fails at failure stress(E).

1) Proportional Limit/ Limit of proportionality :-
It is the limiting or maximum stress value upto which the stress is proportional to the
strain.

2) Elastic Limit :-This is the maximum or limiting stress value such that there is mo
permanent deformation in the material.

3) Yield Point/Yield Strength:- These are the lower stresses at which the extension of the
specimen is rapid without much increase in the strain.

4) Ultimate stress or yield strength:- this is the maximum stress, the material can resist.

5) Breaking stress/ Breaking strength:- this is stress at which the specimen fails or breaks
or ruptures.

9.1 Working stress and factor safety :-

In designing any engineering components stressing the material upto its ultimate strength
is not advisable for following reasons

1) Stressing the material till ultimate strength causes the deformation or the failure of the
member.

2) The material may not be 100% reliable.

3) The material may contain minor defects.

Hence the material is stressed to a point much lesser than ultimate strength. Such a stress is
called working stress which is normally equal to stress at proportional limit.

The ratio of the ultimate stress to the working stress is known as “Factor of Safety”

Different materials have different strength and also different reliability and hence the factor of
safety for these materials will also vary and there are presented in the tabular column

Material Steel Concrete Timber
Factor of safety 1.85 3 4t0 6

Stress- strain behavior of Non-Elastic materials

The behavior of certain Non-Elastic materials such as Concrete, Aluminum, Cast Iron and
Carbon Steel is represented as shown above. These materials do not show specific yield points
and their failure is sudden. In such cases to determine the approximate yield point or stress,
the stress corresponding to 0.2% strain is calculated and such a stress obtained is called proof
stress.
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Percentage Elongation

l)

v

A

Fig
It is defined as the ratio of the final extension at failure to the original length expressed as a

percentage.

If | represents the original length and | represents the final length at failure, percentage
elongation is given as

. =)
% elongation = Y x100

Percentage reduction in area:-

It is defined as the ratio of maximum change in cross sectional area to the original cross
sectional area.

If <A’ represents original cross sectional area at failure

4" -4
x100

Percentage reduction in area =

9. Deformation of Uniform Bars

Procedure:

STEP 1:
Check whether the system of forces is in equilibrium or not. If there is any unknown force in

the system, determine it using equilibrium condition.
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STEP 2:
Separate each part and find the force acting on each part.

STEP 3:
The total deformation is given by the algebraic sum of deformation of each part.

P
dl = (dll +dl, + dlg) = E(Ll + L, + L3)

Deformation of VVarying Cross section Bars

Ay Az
Az
| { ? I — -'_5_: ] E I -
Ly : Lz : La
Procedure:
STEP 1:

Check whether the system of forces is in equilibrium or not. If there is any unknown
force, determine it using equilibrium condition.

STEP 2:
Separate each part and find the force acting on each part.

STEP 3:
The total deformation is given by the algebraic sum of deformation of each part.

P Ly Ly L3
dl = (dli +dlz + dls) = — (- + =+ )
E Al AZ A3
If the Young’s Modulus of the material is different, then the change in length is given by
L L L
1, t2 L3

dl = (dly % dly £ dls) = P (gt -t —
1 2 3L3

Deformation of Tapering Bars of Uniform Thickness

Let us consider a tapering bar of const thickness 't' and width varying from 'B' to 'b' over a
length L' subjected to direct load 'P'. Let us consider an elemental strip of length 'dx’ at a
distance 'x' as shown in fig. The elemental strip can be considered to be uniform.

P dx

. ) PL
We have deformation of elemental strip = __
AE (b1t)
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. ) I P
Deformation of entire bar = dx

fOtEH

To express 'b;" interms of "X’ or as a function of 'X':-

b, = B — decrease in width over the length ‘x'
Decrease in width over the length ‘L' =B -b

" Decrease in width over the length ‘x' :BT_bX = Kx

b1 =B-Kx
. . PL P dx
Elongation of the smallest elementisdél=__ = _ X
AE E (B—Kxt
. Total Elongation =dI = flf x _ Pl dx
0F (B-Kx) tE’'0(B—Kx)
P 1 L
= (- Kx)]o
oz [ l0ge
P 1
=—-__ (logbh—tg B)
tEB—b € e
a = oy, B 2303P log ®
§ -5 — _

tE(B—b) ©b tE(B-b) ©b
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Deformation due to Self Weight

When a bar is suspended at its top, it will undergo tensile deformation due to self weight. The
top most section is subjected to maximum force equal to the total weight of the bar and
bottom most section is subjected to no force due to self weight.

s -

When a bar is supported at its bottom, it will undergo compressive deformation due to self
weight. In this case bottom most section is subjected to maximum load due to self weight and
top most section is subjected to no force due to self weight.

Note:
Specified weight or weight density of a material is the weight per unit volume of the material.

weight w )
Y = = — N/mm
Volume |74
ie. W=y XV

Let us consider uniform bar or area of cross section ‘A" and length 'L' supported as shown in
figure. Let us consider an elemental strip of length 'dy' at a distance 'y' as shown in figure.

Vil i dy

Force on elemental strip = weight of material below the elemental strip.

=wvx Volume

=va(AT)
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{Load ) ( Length)
{ Area) (Foung's Modulus)

_ (Y (ay)
(A (E)
_y¥xdy
E

I
Therefore deformation of entire bar = J% y..:;{yl

Deformation of elemental strip =

. . y I
Therefore deformation of entire bar =+——

2F
_y LA
2EA

L
2AE

WL
2AE

W= total weight of the bar.

Deformation of entire bar =

. : . . . . WL
If an external load 'W" is applied on the uniform bar, then its deformation will be = __
AE

Therefore deformation due to self weight of uniform bar is equal to one-half the deformation
of the same bar under an external load equal to the total weight of the bar

Problems:

1. A mild steel rod 2.5 m long having a cross sectional area of 50 mmz2 is subjected
to a tensile force of 1.5 kN. Determine the stress, strain, and the elongation of the
rod. Take E = 2 x 105 N/mm?
Solution:

Data Given

Length of the rod ‘L’ =2.5 m =250 mm
Area of cross-section ‘A’ = 50 mm®
Tensile force ‘P’ =1.5kN=1.5x 10°N
Young’s Modulus ‘E’ = 2 x 105 N/mm?
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Stress ¢ = P/A=1.5x10%/ 50 =30N /mm?
Since, E = Stress / Strain Strain = Stress / E =30/ 2 x 105 =0.0015
Also, Elongation = Strain x Original length =0.0015 x 2500 = 0.375 mm.

2. A load of 100 kN is to be lifted with the help of a steel wire of 5 m length. The
permissible limit of stress for wire is 150 N/mm?. Find the minimum diameter of
the steel wire and the elongation at the permissible limit. Take E = 2 X 10° N/mm?

Solution:
Given Data

Tensile load ‘P’ = 100 kN

Length of wire ‘L’ =5 m=5000 mm
Stress ‘s’ = 150 N/mm?

E =2 x 10° N/mm?

P 4P 4 x 100x1000

R R d? =150

d=29.13 mm
8L = (100 x 10%) x 5000 / 666.67 x 2 x 10° = 3.75 mm.

3.A steel bar AB of uniform thickness 2 cm, tapers uniformly from 15 cmto 7.5 cmin
a length of 50 cm. Determine the elongation of the plate; if an axial tensile force of
100 kN is applied on it and E = 2 x 10 N/m?.

Solution: 100kN
100k 7.5cm 15cm

Pl B 100x103%x500 150
— = 0.115mm

dl:tE(B—b) logeFZ 25x2x105x(150—75) loge 75

Depatment Civil Engg., BCE Page 20



Strength of Materials 21CV33

Unit 2
COMPOSITE SECTION

A section made up of more than one material designed to resist the applied load is called
'COMPOSITE SECTION'.

In a composite section, materials are placed in parallel and under the load the section behaves
like a single material. Under the load, there will not be separation of materials. Materials of
composite sections undergo equal amount of deformation under load.

Ex: A section of Reinforced Cement Concrete - it is made up of 2 materials namely,
Concrete and Steel.

1. Total load applied on the composite section is shared among different materials of
composite section, i.e., P =P; +P, + P3 + .........

2. Different materials of composite section should undergo equal amount of deformation
i.e., EILl = EILZ - EILg RO T

3. The material can also have same strain if the materials are of same length

Modular ratio: Modular ratio between two materials is defined as the ratio of Young's
Modulus of Elasticity of two materials.

Eg: Modular ratio between steel and concrete is 15, i.e., Es / Ec = 15
Poisson’s Ratio:

In any engineering problems the elongation along the tensile force ‘P’ direction is
accomapnied with the contraction in the traverse direction. Consider a bar AB of length ‘L’ as
shown in the fig is subjected to a load of P. Due to the tensile length the bar elongates by ‘6L’
and compressed in the other (mutually perpendicular) direction by © &b’.

P P
‘; " ol-esdI F

L+oL

A
v
F

The change in length is = 8L and the change in breadth = - &b
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Mathematically Poisson’s Ratio is defined as the ratio between lateral strain to the
longitudinal strain and denoted by p or 1/m.

Volumetric Strain: Itis defined as the ratio between change in volume to the actual volume

ov  qv
Cy = —= —
V V

Volumetric strain is a dimensionless quantity and has no unit.

To show that volumetric Strain of a rectangular block of material is the algebraic sum
of strain along 3 mutually perpendicular dimensions or directions:

T"f

HI
1
----------------- - B

Let us consider, a rectangular block of material of dimensions (LxBxH) as shown in
fig. The volume of rectangular block is,

Initial Volume V = LBH
Final Volume = (v+dv) = (L+dl)(B+dB)(H+dH)

Change in Volume = dv = (V+dV)-V = LBdH + BH dL +LH dB
(After neglecting the higher order)

Volumetric Strainc = 4V = LBAH+BHAL+LHdB _ dL 4 dB 4 dH

14 14 LBH L B H

cy= Cc;+cp+cy
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To show that volumetric strain of a cylinder is given by the algebraic sum of
strain along the length and twice the strain along diameter:

Let us consider a cylinder of length 'L' and diameter 'D'. The volume of a cylinder is
given by,

DZ

V=_1
4
Differentiating dV ="[D2 x dL + L x 2D x dD]
4
_ dV _ 2xdL+Lx2DxdD
v =v = DL
dL N 2dD
Cy = T N =c + 2 Cd

To show that Volumetric Strain of a sphere is thrice the strain along
diameter:

Let us consider a sphere of diameter 'D' Volume of a sphere is given by
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dv = " D2dD
6
) i av dD
Volumetric Strain = =3 X = 3c
v D d

Note:

1. A direct stress applied on a material causes direct strain along its line of action
and lateral strain along directions perpendicular to its line of action.
If tensile stress is applied, there will be positive direct strain and negative
lateral strain.
If comp. stress is applied, there will be negative direct strain and positive
lateral strain.
2. 'ox' produces direct strain along X-direction and lateral strain along 'Y' and 'Z'
directions.
'oy' produces direct strain along Y-direction and lateral strain along 'X' and 'Z'
directions.
'oz' produces direct strain along Z-direction and lateral strain along 'X' and 'Y"
directions
3. If a material is subjected to 3-D direct stress system, then,
a. Total strain along X- direction is given by the algebraic sum of direct
strain due to 'ox 'and lateral strain due to 'oy' and 'cZ'
b. Total strain along Y - direction is given by the algebraic sum of direct
strain due to 'oy' and lateral strain due to 'oy' and 'oz'
c. Total strain along Z - direction is given by the algebraic sum of direct
strain due to 'oz' and lateral strain due to 'ox' and 'oy'

d.
We have,
o o
E=—orc= -
g E
And ‘Ll — lat
glong
_ _ Ko
Clat = X C long — g
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Oy
Stress Direct Stress Lateral Strain
O 4 % ~ Ox
E U E
Oy + & _ oy
E u E
Oy Q-Z [¢F7
E —H E
c, = T MO _ UG oo 1)
E E E
Cc. = Oy UOy 07 ---——-- (2)
y E E E
o uo UO, .
c = *—"7 * 3)
z E E E

Equations (1), (2) and (3) relate 3 - dimensional stresses and corresponding strains. They are
called 'Generalized Hook's Law Statements'

Thermal Stress

When a body is subjected to change in temperature its dimensions will also be changed (since
the bodies are subjected to thermal expansion or contraction). For metals when the
temperature of a body is increased there is a corresponding increase in its dimensions.

When the body is allowed to expand (without restraining) no stress develops. But, in case the
body is restrained prevents the expansion, then the stresses in the body will develop. These
stresses are called as thermal stress. It may be tensile or compressive depending upon whether
the contraction is prevented or extension is prevented.

Mathematically it is defined as , let us consider a bar of length L placed between two supports
to prevent the extension in its length. If the temperature of bar is increased through At°C, the
bar will be increased in length by an amount
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AL = L.a.At
Where a. is the coefficient of thermal expansion.

The thermal stressis=ci=Ec = E La At/L = E a At

Note: If the supports used to prevent the expansion yield by an amount §, the total
amount prevented will become (AL -6).

The thermal stress is = ot = Ec = E (AL- d)a At/L

Problems:

1. The principal stresses at a point in an elastic material are 70 N/mm? tensile, 30 N/mm?
tensile, and 50 N/mm? compressive.

Calculate the volumetric strain. Given E =2 x 10™ N/m?; p = 0.30

Solution:

C, =

ox _woy woy; _ 1 (70-0.3x30+0.3x50)=3.8x10"+*
E E E 2x10°

c — Ty _ MOx uoz _ 1 (30—03%x70+4+0.3%x50)=1.2x10"*
y E E E 2%10°

c — Jz_ HIy Uy 1 (=50+0.3%x70+ 0.3x50) =—0.7 x 104
z E E E 2x10°

Cv = Cx +Cy+c, =43 X104

2. A composite bar ABC, rigidly fixed at A and 1 mm above the lower support, is loaded
as shown in figure. If the cross-sectional area of section AB is 2 cm? and that of the

section BC is 5 cmz, determine the reactions at the ends, and the stresses in two
sections. Take E =2 x 10" N/cm?.

A ; T
2cm? — t» | 15m
i
T ,
100 kN f
5 em2 —i» 25m
L
|

Solution: Length: AB=L1= 1.5 m =150 cm, Area of AB = A1= 2 cm”’
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Length: BC=L12=2.5m =250 cm, Area of BC=A2=5 cm?
Distance between C and lower support = 0.1 cm
Load onthe bar ‘P’ =100 kN, Young’s modulus=E = 2 x 10’ N/cm?
Assume that, reaction at end A = Ra, Reaction at end C = Rc It is notable that the bar is rigidly
fixed at A and loaded at B, not at C. Thus, only AB is under tension while BC under no stress until C
touches the rigid support

Let 6L = Increase in length of AB when subjected to a load to 100 kN.

From fundamentals 8L = PL/AE
10x103x150
L=——  =0.375cm
2x2x107

Since, the increase in length AB is more than 0.1 cm therefore some part of load will be
required to increase AB by 0.1 cm and remaining will be shared by the portions AB and BC of the bar.

Thus using; 6L=PL/ AE
0.1 =P1x150/2.0x%x 2 x 10’ P1=26.67 kN = P— P1= P2=73.33 kN

The load P2 will be shared by AB and BC. Let the reaction at A (beyond 0.1 cm) = Ra1 And the
reaction at C (beyond 0.1 cm) = Rc

Ra1+ Rc=73.33 kN............. (1)
Let 6L1= Increase in length of AB (beyond 0.1 cm)

6L2= Decrease in length of BC (beyond 0.1 cm)

Rp1%x150
§ = faxast

L1

and 6 _ _cx250
L2 5x2x107

2x2x107
61=61,

Ra1x150 _ _Rex250 — Ra1=2/3 Re

2x2x107 5x2x107

. Rc=44 kN and Ra1=29.33 kN

Total reaction at A =26.67 + 29.3 = 56 kN and total reaction at B = 44 kN Therefore,

stresses in two sections are oas = Ra/A1 = 56 X 10%/2 = 28kN/cm?

osc= Re/A2 = 44 X 10°/5 = 8.8kN/cm”
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Unit 3

Compound Stresses:

GENERAL

Structural members are subjected to various kinds of loads. This results in combination of
different stresses which changes from point to point. When an element (considered at any
point) in a body is subjected to a combination of normal stresses (tensile and/or compressive)
and shear stresses over its various planes, the stress system is known as compound stress
system. In a compound stress system, the magnitude of normal stress may be maximum on
some plane and minimum on some plane, when compared with those acting on the element.
Similarly, the magnitude of shear stresses may also be maximum on two planes when
compared with those acting on the element. Hence, for the considered compound stress
system it is important to find the magnitudes of maximum and minimum normal stresses,
maximum shear stresses and the inclination of planes on which they act.

PLANE STRESS OR 2-D STRESS SYSTEM OR BIAXIAL STRESS SYSTEM

Generally a body is subjected to 3-D state of stress system with both normal and shear
stresses acting in all the three directions. However, for convenience, in most problems,
variation of stresses along a particular direction can be neglected and the remaining stresses
are assumed to act in a plane. Such a system is called 2—-D stress system and the body is called
plane stress body.

F',l F Y F.

=t J

In a general two dimensional stress system, a body consists of two normal stresses (fx and fy),
which are mutually perpendicular to each other, with a state of shear (q) as shown in figure.
Further, since planes AD and BC carry normal stress fx they are called planes of fx. These
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planes are parallel to Y—axis. Similarly, planes AB and CD represent planes of fy, which are
parallel to X—axis.

PRINCIPAL STRESSES AND PRINCIPAL PLANES

For a given compound stress system, there exists a maximum normal stress and a minimum
normal stress which are called the Principal stresses. The planes on which these Principal
stresses act are called Principal planes. In a general 2-D stress system, there are two Principal
planes which are always mutually perpendicular to each other. Principal planes are free from
shear stresses. In other words Principal planes carry only normal stresses.

MAXIMUM SHEAR STRESSES AND ITS PLANES

For a given 2-D stress system, there will be two maximum shear stresses (of equal
magnitude) which act on two planes. These planes are called planes of maximum shear. These
planes are mutually perpendicular. Further, these planes may or may not carry normal stress.
The planes of maximum shear are always inclined at 450 with Principal planes.

EXPRESSIONS FOR NORMAL AND TANGENTIAL COMPONENTS OF STRESS ON
A GIVEN PLANE

Consider a rectangular element ABCD of unit thickness subjected to a general 2-D stress
system as shown in figure. Let f nand f s represent the normal and tangential components of
resultant stress ‘R' on any plane EF which is inclined at an angle ‘?' measured counter
clockwise with respect to the plane of f y or X—axis.

fyA A

- q

v
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To derive expression for f,
Consider the Free Body Diagram of portion FBE as shown in figure.

Applying equilibrium along N-direction, we have

DEr=0[ N\ +vel
£, (EF 1)—f, (BE 1) sin 6—q(BE 1)cos8 —£, (BF 1)cos8 —q(BF 1)sin 8 =0

fn:fxEsmE|+chosEi+f}, E|:-::-sB+quinE|
EF EF EF EF

since E:siﬂB and E:|::c::usB
EF
L, =f,sm?0+2q sin6 cos 8 + £, cos’B

But cos 26= 2 cos* B-1 Hence cos® B:%(l+cos 287
Also cos 20=1-23sin"0 Hence sin Bz%(l—cosEB)

f, =1, %(I—EOSEB) + £ %(1+cos 2B+ s 28

£+, f, £, _
f,= | > cos2B +gsm 28 —emm-- (1)
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Equation (1) is the desired expression for normal component of stress on a given plane,
inclined at an angle ¢ 8" measured counter clockwise with respect to the plane of fy or X—
axis

To derive expression for f,
Consider the Free Body Diagram of portion FBE shown in figure above. For equilibrium
along T direction, we have

fyw
EFr=0[% +wve]
£, EF 1)— £, (BE 1) cosB +q (BE 1) an 8 + £, (BF.1) sin 68— q(BEF. 1) cost =0
fszfxEmsEi— -:1Esi119—fyE 51'11E|+qE cos B
EF EF EF EF

Since B—:sin 3 —=rcosf

LE, =1, sinB oozl — qsin’ B f, cosd sin B +qcos” 8
Sf,=(, — £,) sin® cos® + g (cos” B—sin” 6)

H

Since sing 8= 2 sinb cosf and cos2B=rcos B—zin 6

fir —
f, :( zfy]sin 28+gqcos 26 -——--—- (2)

Equation (2) is the desired expression for tangential component of stress on a given plane,
inclined at an angle &' measured counter clockwise with respect to the plane of fy or X—
axis.
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Note:

The resultant stress ‘R’, and its inclination © @ * on the given plane EF which is inclined at
an angle  8° measured counter clockwise with respect to the plane of fy or X—axis, can be
determined from the normal (fn) and tangential (fs) components obtained from eqns. (1)

and (2).
R=f2+f’

o= tan™ [f—“]
fs

Expresions for Principal stresses and Principal planes

Consider a rectangular element ABCD of unit thickness subjected to general 2-D stress
system as shown in figure. Let f, and fs represent the normal and tangential components of
stress on any plane EF which is inclined at an angle ¥ measured counter clockwise with
respect to the plane of f, or X—axis

r |-'.II
q
D= C
a4 £, E
+ >
fy fs-‘}/ f.
] o v
A » B
q
L A3

The expression for normal component of stress f,on any given plane EF is given by

£ +f, f —f
L "2 T cos 264 qsin 26 ——

2

To find values of & at which f n is maximum or minimum, the necessary condition is
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g
do

Fromegn (1) —{ = > YJ I:—2 st 28:]+2q|::os 2B=10

2
. tan 26, =-% e (2)

X 7

Inclination of principal planes can be obtained from eqgn. (2). It gives two values of B8
differing by 90°. Hence, Principal planes are mutually perpendicular. Here, the two principal
planes are designated as B ,;and & .

Graphical representation of egn. (2) leads to the following

N

_Eq
26,
I[f:.c—ﬂ,} -[f":-f'r'}
From the above figures,
f, —f
Sin 26, = + qu 2 Cos 28, =+ & ;‘3' :
JlE ;) +4q JE ) +4q
substituting in eqn.{1)
n:fx+f3"ifx_f? fr —fy iy 24
2 2 Nl +4qd LJE -B)+4d]
COn simplification,
B+ 1
2= fy ia JE& )T +4g° e (3

Equation (3) is the desired expression for Principal stresses. Here, the Principal stresses are
represented by f,; and fp..
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Mohr’s Circle

The formulae developed so far (to find fy, fs, fo-max , fa-min > Op1 5 op2 + fs max, 051 , 0s2) may be used
for any case of plane stress. A visual interpretation of these relations, devised by the German
Engineer Christian Otto Mohr in 1882, eliminates the necessity of remembering them. In this
interpretation a circle is used; accordingly, the construction is called Mohr's Circle. If this
construction is plotted to scale the results can be obtained graphically; usually, however, only
a rough sketch is drawn and results are obtained from it analytically.

Rules for applying Mohr's Circle to compound stresses

1. The normal stresses fyand fy are plotted along X-axis. Tensile stresses are treated as
positive and compressive stresses are treated as negative.

2. The shear stress q is plotted along Y-axis. It is consider positive when its moment
about the center of the element is clockwise and negative when its moment about the
center of the element is anti-clockwise.

Q J4— g —
+ + + +
g ——®»g qQ g% ——
POSITIVE NEGATIVE NEGATIVE FOSITIVE

3. Positive angles in the circle are obtained when measured in counter clockwise sense.
Further, an angle of ‘20" in the circle corresponds to an angle 0 in the element.

4. A plane in the given element corresponds to a point on the Mohr's circle. Further, the
coordinates of the point on the Mohr's circle represent the stresses acting on the plane

Procedure to construct Mohr's circle

Consider an element subjected to normal stresses fy and fy, accompanied by shear stress q as
shown in figure. Let fy be greater than fy.
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F =l

oy

L J 'I:\r

1. Inthe rectangular coordinate system, locate point A which will be should be a point on
the circle representing the stress condition on the plane fy of the element. The

coordinates of point A are (fx, Q).

2. Similarly locate point B, representing stress conditions on plane fy of the element. The

coordinates of point B are (f y — q).

3. Join AB to cut X-axis at point C. Point C corresponds to the center of Mohr's circle.

4, With C as center and CA as radius, draw a circle.

F —
A(fx, ) f.-max
q
Ci
| //zep]_
fn-min |
B(f,,
|
fy |
fix

Fig

From figure, it can be seen that OD and OE represent maximum and minimum normal
stresses which are nothing but principal stresses. The coordinates of points D and E give the
stress condition on principal planes. It can be seen that the value of shear stress is ‘0’ on these
two planes. Further, angles BCD = 2 §; and BCE =2 ,¥(measured counter clockwise) give
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inclinations of the principal planes with respect to plane of f, or X-axis. It is seen that 2 & ; ~
2%,=180°.

Hence, ©,~ 9,,=90°.

It can be observed that shear stress reach maximum values on planes corresponding two
points F and G on the Mohr's circle. The coordinates of points F and G represents the stress
conditions on the planes carrying maximum shear stress. The ordinate CF and CG represent
the maximum shear stresses. The angles BCG = 28 and BCF =28, (measured counter
clockwise) give inclinations of planes carrying maximum shear stress with respect to plane of
f, or X-axis. It is seen that 2 §; ~ 2 $=180° .

Hence, 9 ~ 95, =90°.
Also itisseenthat2 8, ~28~28 ,~28,=90" Hence, &y ~ B ~0 n~ B,=45".

To find the normal and tangential stresses on a plane inclined at © to the plane of f, , first
locate point M on the circle such that angle BCM = 2 B(measured counter clockwise) as
shown in figure. The coordinates of point M represents normal and shear stresses on that
plane. From figure, ON is the normal stress and MN is the shear stress.

Problems:

1. In a 2-D stress system compressive stresses of magnitudes 100 MPa and 150 MPa act
in two perpendicular directions. Shear stresses on these planes have magnitude of 80
MPa. Use Mohr's circle to find,

(i) Principal stresses and their planes
(i) Maximum shears stress and their planes and

(iii) Normal and shear stresses on a plane inclined at 45° to 150 MPa stress.

Given, f,=-150 MPa
fy =—100 MPa
g =80 MPa

If Mohr's circle is drawn to scale, all the quantities can be obtained graphically. However, the
present example has been solved analytically using Mohr's circle.

Construct Mohr's circle with earlier fig
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From figure

£, +£,
OC =T =-125MPa

To find Radius of Circle

CH =f"_2f? 25 MPa

CA=.JCH? +HA? =83.82
V. Radins=CD=CE=CF=C0=CA=283282 Units

To find Principal Stress and Principal Planes

i —max =0C +CD

= -125-83.82

= - 208.82 MPa
f min = 0C-CE

= - 125 - (-83.82)
-41.18 MPa

From figure

o= tan’! ﬁ =720 65
iC

But 28p = L ACH=a="72065

Hence, &g = 369,32

Further, 28p; = L ACE = 180 4+ o= 2520 &5
Hence, Spy = 1269.32
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Unit 4
Bending Moment and Shear Force

TYPES OF BEAMS
a) Simple Beam

F&

A simple beam is supported by a hinged support at one end and a roller support at
the other end.

b) Cantilever beam

A cantilever beam is supported at one end only by a fixed support.

c) Overhanging beam.

i i
! Owerhang !

Jlﬂ

An overhanging beam is supported by a hinge and a roller support with either or both ends
extending beyond the supports.

Note: All the beams shown above are the statically determinate beams.

Wi, a W,

il
]
7'y ; 7Y
]
]

R, X Re Fig 1
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Wl ] ~ :
1 /, ~ . ;
a : / . i

v : L\ Y Rax—Wla
a 1 A |
: i
Ra : :
' i

Fig 2 : Shear Force Fig 3 : Bending Moment

Consider a simply supported beam subjected to loads W; and W,. Let Raand Rg be the
reactions at supports. To determine the internal forces at C pass a section at C. The effects of
Ra and W to the left of section are shown in Fig (b) and (c). In each case the effect of applied
load has been transferred to the section by adding a pair of equal and opposite forces at that
section. Thus at the section, moment M = (W;a-R.x) and shear force F = (Ra-W,), exists. The
moment M which tend to bends the beam is called bending moment and F which tends to
shear the beamis called shear force.

Thus the resultant effect of the forces at one side of the section reduces to a single force and a
couple which are respectively the vertical shear and the bending moment at that section.
Similarly, if the equilibrium of the right hand side portion is considered, the loading is
reduced to a vertical force and a couple acting in the opposite direction. Applying these forces
to a free body diagram of a beam segment, the segments to the left and right of section are
held in equilibrium by the shear and moment at section.

Thus the shear force at any section can be obtained by considering the algebraic sum of all the
vertical forces acting on any one side of the section

Bending moment at any section can be obtained by considering the algebraic sum of all the
moments of vertical forces acting on any one side of the section.

Shear Force

It is a single vertical force developed internally at any point on the beam to balance the
external vertical forces and keep the point in equilibrium. It is therefore equal to algebraic sum
of all external forces acting to either left or right of the section.

Bending Moment

It is a moment developed internally at each point in a beam that balances the external
moments due to forces and keeps the point in equilibrium. It is the algebraic sum of moments
to section of all forces either on left or on right of the section.
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Types of Bending Moment
1) Sagging bending moment

The top fibers are in compression and bottom fibers are in tension.
2) Hogging bending moment

The top fibers are in tension and bottom fibers are in compression.

Sagging Bending Moment Hogging Bending Moment

Shear Force Diagram and Bending Moment Diagram

Shear Forces Diagram (SFD)

The SFD is one which shows the variation of shear force from section to section along the
length of the beam. Thus the ordinate of the diagram at any section gives the Shear Force at
that section.

Bending Moment Diagram (BMD)

The BMD is one which shows the variation of Bending Moment from section to section along
the length of the beam. The ordinate of the diagram at any section gives the Bending Moment
at that section.

Importance of SFD and BMD
From the diagrams, one can easily determine the locations of maximum Shear Force or
maximum Bending Moment. These locations most likely represent the zones of failure.

Point of Contraflexure

When there is an overhang portion, the beam is subjected to a combination of Sagging and
Hogging moment. The point on the BMD where the nature of bending moment changes from
hogging to sagging or sagging to hogging is known as point of contraflexure. Hence, at point
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of contraflexure BM is zero. The point corresponding to point of contraflexure on the beamis
called as point of inflection.

RELATIONS BETWEEN LOAD, SHEAR AND MOMENT

Consider a simply supported beam subjected to a Uniformly Distributed Load w/m. Let us
assume that a portion PQRS of length 4z is cut and taken out. Consider the equilibrium of
this portion

JAVAVAN
2V=0 F+AF
«—
F — (F+AF)-w Ax =0 AX
AF _
Ax

. dF
Limit Ax— 0,then__ = —w or F = [ w dx
dx

Taking moments about section CD for equilibrium
M-(M+AM)+F Ax-(W(AX)*/2) =0

_AM

T Ax

F
- - (M
Limit Ax—> 0 thenF=_— o M= dex
dx

Rate of change of Shear Force or slope of SFD at any point on the beam is equal to the
intensity of load at that point.

Properties of BMD and SFD

1) when the load intensity in the region is zero, Shear Force remains constant and Bending
Moment varies linearly.

2) When there is Uniformly Distributed Load (UDL), Shear Force varies linearly and BM
varies parabolically.

3) When there is Uniformly Varying Load (UVL), Shear Force varies parabolically and
Bending Moment varies cubically.

4) The ordinate of SFD changes abruptly at point load. Similarly BMD changes abruptly at
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points where couple is acting.
5) The maximum or minimum Bending Moment occurs at a point where shear force is zero.

Problems:

1. Asimply supported beam is carrying point loads, as shown in figure. Draw the SFD
and BMD for the beam.

To draw S.F.D. and B.M.D. we need

4kN 10kN [8KN Ra and Rg.
l l J' By taking moment of all the forces about
Ay C D E B point A, we get
< :I: :i: :I: > RBXG—(8x4)—(lOX3)—(4X1):0
Im 2m Im 2m Rg =11 kN

From condition of static equilibrium:
Ra+11-4-10-8=0

11 Ra =11 kN

7 Shear Force Calculations

SFatA Fo=+Rs=+11KN
Jr/véﬁb/ SFleftof C  Fo=+R, = +11 kN
SFrightof C Fe=+11—4=+7kN

3 SF left of D Fo=+11-4-10=7kN

SFrightofD Fp=+11-4-10=-3kN

-ve SFD SFleftof E Fg=+11-4-10 =—3kN

11 SFleftof E  Fg=+11-4-10—-8=—11kN

SF left of B Fe=+11-4-10-8=-11kN

Bending moment Calculations

At x=0, Mpa=0

Atx=1m; Mc=+Rpal1=11x1=11KkNm

Atx=3m; Mp=11x3-4(3-1)=25kNm

At x=4m
Me=11x4—-4(4-1)-10(4-3)=22kNm

At X=6m Mg =0
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2. Draw the SF and BM diagram for the simply supported beam loaded as shown in

fig.

r| 20kN/m

gOKN

AVATAVAYAVANRLS i
A T

E
« »e :I: > >
1.5m 'b.5m Im Im
21.875
+8 SFD
—>
1.09m  8.175
-ve SFD
28.' 5

To draw S.F.D. and B.M.D. we need Ra and
Rg.
By taking moment of all the forces about
point A, we get
Rg x4 — (20 x3)— (20 x 1.5%/2) =30 =0
Rg=28.125 kN
From condition of static equilibrium:
Ra+28.125-30-20=0
Ra =21.875 kN
Shear Force Calculations
SF at A Fa =+ Ra=+21.875kN
SFleftof C  Fc=+21.875-30=-8.175 kN
SF right of C  Fc = +21.875 - 30 = -8.175 kN
SFleftof D  Fp=+21.875—-30 =-8.175 kN
SFrightof D Fp=+21.875-30=-8.175 kN
SFleftof E Fg =+21.875—-30=-8.175 kN
SFleftof E  Fg = +21.875-30-20 = -28.125 kN
SF leftof B Fg=+21.875-30-20 =-28.125 kN
SF is zero, between A & C at x=1.09m
Bending moment Calculations
At x=0, Ma=0
At x=15m;

Mc = 21.875 x1.5 — 20 x 1.5%/2= 10.31 KN'm
At x=1.09 m;
Mmax = 21.875 x1.09—20 x1.09%/2=11.96 kN m
Atx=2m;

Mp = 21.875 x2 — 20 x 1.5(0.75+0.5)=6.25 KN m

Atx=2m;
Mp = 21.875 x2 — 20 x 1.5(0.75+0.5)+30

=36.25 kNm
At x=3m

Mg = 21.875 x3 — 20 x 1.5(0.75+1.5)+30
=28.125kN m

At X= 4m Mg=0
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3. A cantilever is shown in fig. Draw the BMD and SFD. What is the
reaction at supports?

To draw S.F.D. and B.M.D. we need Ra and

rl 2kN/m 20k Re.
é JAYAYAYAYAYA By taking moment of all the forces about

C B point A, we get
< e —| Rg % 4 — (20 x 3) — (20 x 1.5%/2) -30 =0
2m 4dm Rg =28.125 kN

From condition of static equilibrium:
Ra+28.125-30-20=0
Ra =21.875 kN

24
20
Shear Force Calculations
SFatB Fg =+ 20 kN
ve SFD SFright of C  Fc =+ 20 kN
SFleftof C  Fc=+20kN

SFrightof A Fy= +20+ 2x2 =24 kN

Since the moment is considered from right to
left the anticlockwise moments are
-v¢ BM considered to be +ve and clockwise moments
are considered to be -ve
Bending moment Calculations
80

Atx=0, Mg =0
At X =4 m; M, = -20x 4 =- 80 kN-m
At Xx=6m;

Ma = -(20 x6+ 2 x2%/2)=124 KN m

124
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Unit 5

Stresses in Beams

Pure Bending

Sagaing

B

M Hogging M ; wa war

EMD

A beam or a part of a beam is said to be under pure bending if it is subjected to only Bending
Moment and no Shear Force.

Effect of Bending in Beams

The figure shows a beam subjected to sagging Bending Movement. The topmost layer is
under maximum compressive stress and bottom most layer is under maximum tensile stress.
In between there should be a layer, which is neither subjected to tension nor to compression.
Such a layer is called “Neutral Layer”. The projection of Neutral Layer over the cross section
of the beam is called “Neutral Axis”.

Fig-1

When the beam is subjected to sagging, all layers below the neutral layer will be under tension
and all layers above neutral layer will be under compression. When the beam is subjected to

Depatment Civil Engg., SJBIT Page 45



Strength of Materials 10CV33

hogging, all layers above the neutral layer will be under tension and all the layers below
neutral layer will be under compression and vice versa if it is hogging bending moment

Assumptions made in simple bending theory

e The material is isotropic and homogenous.

o The material is perfectly elastic and obeys Hooke's Law i.e., the stresses are within the
limit of proportionality.

« Initially the beam is straight and stress free.

o Beamis made up of number of layers and they undergo bending independently.

« Bending takes place over an arc of a circle and the radius of curvature is very large
when compared to the dimensions of the beam.

« Normal plane sections before bending remain normal and plane even after bending.

e Young's Modulus of Elasticity is same under tension and compression.

Euler- Bernoulli bending Equation (Flexure Formula)

where,
M = Resisting moment developed inside the material against applied bending movement and
is numerically equal to bending moment applied (Nmm)

| = Moment of Inertia of cross section of beam about the Neutral Angle. (mm?)

F = Direct Stress (Tensile or Compression) developed in any layer of the beam (N/mm?)

Y = Distance of the layer from the neutral axis (mm)

E = Young's Modulus of Elasticity of the material of the beam ( N/mm?)

R = Radius of curvature of neutral layer (mm)

Euler- Bernoulli’s Equation

A B
G H

B A eb---- promemee- --
cC D
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Consider two section very close together (AB and CD). After bending the sections will be at
A; B; and C; Dy and are no longer parallel. AC will have extended to A; C1 and B; Dy will
have compressed to B;D;. The line EF will be located such that it will not change in length.
This surface is called neutral surface and its intersection with Z-Z is called the neutral axis.

The development lines of A'B' and C'D’ intersect at a point 0 at an angle of 0 radians and the
radius of E;F; = R.

Let y be the distance(E'G") of any layer H1G; originally parallel to EF.
Then H,G1/ E;F; =(R+y)0 /R 6 = (R+y)/R
and the strain c at layer H;G;= ¢ = (H1G;- HG) / HG = (H,G;- HG) / EF
=[(R+y)0-R 0] /RO
c =y/R.
The relation between stress and strain is o= E. ¢ Therefore
o=E.c=E.y/R
oc/E=y/R

Let us consider an elemental area ‘da ‘at a distance y, from the Neutral Axis.

E

stress developed over elemental area is f = -y
R

E
Force developed over elemental area = stress x area = Ey da

E
Moment developed over elemental area about NA= Force x distance = _ yzda
R
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E
Total Moment developed from all the elements about the NA = f_ da yz
R

M=_[day?= E |
R R
m=" )
I R
From Egn (1) and (2), we get
M
- == - (A)
y
Section Modulus(2)
1%
F=—.
I v
M
I ¥
I

Le., Mupa = b . ——

Therefore, Wi = . &

Section modulus of a beam is the ratio of moment of inertia of the cross section of the beam
about the neutral axis to the distance of the farthest fiber from neutral axis.

Therefore, L= L unit = mm’

¥ mase

More the section modulus more will be the moment of resistive (or) moment carrying capacity
of the beam. For the strongest beam, the section modulus must be maximum.

Problems:

1. A beam made of C.I. having a section of 50 mm external diameter and 25 mm internal diameter
is supported at two points 4 m apart. The beam carries a concentrated load of 100 N at its
centre. Find the maximum bending stress induced in the beam

Solution: Outer diameter of cross-section Do= 50 mm

Inner diameter of choss-section Di= 25 mm
A=_(D% - D?) = 1472.62mm?
4 0 1
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I =" (D*— D%) = 287.62 x 103mm*
64 0 1

Length of span ‘L’ =4 m
Load W =100 N

Cross section of beam

. . . . . . WL
For a simply supported beam with point load at center the maximum bending moment is = —4

— 109 _ 100 Nm = 10000N — mm

From Bending equation

Iy R I 287.62x103

2. Asteel bar 10 cm wide and 8 mm thick is subjected to bending moment. The
radius of neutral surface is 100 cm. Determine maximum and minimum bending
stress in the beam.

Solution : Assume for steel bar E = 2 x 10° N/mm?
Ymax = 4mm
R =1000mm
frnax = E.ymadR = (2 105 x 4 )/1000

We get maximum bending moment at lower most fiber, Because for a simply supported beam
tensile stress (+ve value) is at lower most fiber, while compressive stress is at top most fiber
(—ve value).

frmax = 800 N/mm?

fmin Occurs at a distance of —4mm

R =1000mm

fnin = E.ymin/R = (2 x 105 x — 4 )/1000
fmin= —800 N/mm?
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3. A simply supported rectangular beam with symmetrical section 200mm in depth
has moment of inertia of 2.26 x 10° m* about its neutral axis. Determine the
longest span over which the beam would carry a uniformly distributed load of
4KN/m run such that the stress due to bending does not exceed 125 MN/m?.

Solution: Given data:
Depth d =200mm =0.2m
| = Moment of inertia = 2.26 x 10-5 m4
UDL =4kN/m
Bending stress s = 125 MN/m? = 125 x 10° N/m?
Span=7?
Since we know that Maximum bending moment for a simply supported beam with UDL on its
entire span is given by = WL?/8
Y I I/ J——— (A)
From bending equation M/l = f/ymax
Ymax = d/2 =0.2/2 =0.1m

M = f.l/ymax = [(125 x 106) x (2.26 x 10°%)]/ 0.1 = 28250 Nm

Substituting this value in equation (A); we get
28250 = (4 x 103)L*/8

L=7.52m

4. Find the dimension of the strongest rectangular beam that can be cut out of a log
of 25 mm diameter.

Solution: b? + d? = 252
d? = 252 _ p?

M f E

we Know _=_= _;

I y R
M=f(lly)=fZz

M will be maximum when Z will be maximum
Z = Ily = (bd®12)/(d/2) = bd*/6 = b.(25> — b?)/6

The value of Z maximum at dZ/db =0; 7
i.e.; d/db[25%b/6 — b%/6] = 0
25%16 — 3b%/6 =0
b? = 25%/3
b=14.43 mm
d=20.41 mm
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Unit 6
Deflection of Beams

INTRODUCTION
Under the action of external loads, the beam is subjected to stresses and deformation at
various points along the length. The deformation is caused due to bending moment and shear
force. Since the deformation caused due to shear force in shallow beams is very small, it is
generally neglected.

Elastic Line:
It is a line which represents the deformed shape of the beam. Hence, it is the line along which
the longitudinal axis of the beam bends.

Deflection:
Vertical displacement measured from original neutral surface (refer to earlier chapter) to the

neutral surface of the deformed beam.

Slope:
Angle made by the tangent to the elastic curve with respect to horizontal

The designers have to decide the dimensions of beam not only based on strength requirement
but also based on considering deflection. In mechanical components excessive deflection
causes mis-alignment and non performance of machine. In building it give rise to
psychological unrest and sometimes cracks in roofing materials. Deflection calculations are
required to impose consistency conditions in the analysis of indeterminate structures.

Strength:
It is a measure of the resistance offered by the beam to load
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Stiffness:

It is a measure at the resistance offered by the beam to deformation. Usually span / deflection
is used to denote the stiffness. Greater the stiffness, smaller will be the deflection. The term
(El) called “flexural rigidity” and is used to denote the stiffness.

Flexural Rigidity

The product of Young's modulus and moment of inertia (EI) is used to denote the flexural
rigidity.

Let AB be the part of the beam which is bent into an arc of the circle. Let (x,y) be co-
ordinates of A and (x + dx, y + dy) be the co-ordinates of B. Let the length of arc AB = ds. Let
the tangents at A and B make angles g and ( g + d g ) with respect to x-axis.

dy

dx

We have tanf =

Differentiating both sides with respect of x;
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2
secd @ = d—g
de dx
2
SEEEB @ E :d_f I (1)
ds dw  dx
we have from figure ds=Rd6 ®_1
5 E
. le dS _
again in A® ABC, — =sgec B
da
2
Fromeq. 1, d—f = ze;2d l sec o
i E
djff dgy
Y
L sec’ Bzecd . 3
{1+ tan” &2
dzy
1 de ?
E

1_dy
R &
From bending theory M_E
I E
M1 or
EI E
M _dYy
El  dx*
&Py
M=EI )

This is also known as Euler - Bernoulli's equation.
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NOTE:

e  While deriving Y-axis is taken upwards
o Curvature is concave towards the positive y axis.
e This occurs for sagging BM, which is positive.

Sign Convention

o 1
|

‘H-);/
\ o/
+ve

Bending moment Sagging + vc

If Yis+" - Deflection is upwards
Y is - - Deflection is downwards
If © is+" — Slope is Anticlockwise
& is - ** — Slope is clockwise

Methods of Calculating Deflection and Slope

e Double Integration method
e Macaulay's method

e Strain energy method

e Moment area method

o Conjugate Beam method

Each method has certain advantages and disadvantages.

Relationship between Loading, S.F, BM, Slope and Deflection

If T - deflection
. . dy
Differentiating — - Zlope {9
dx
. L d*y .
Differentiating o LI Bending moment
. . dhd diy
Differentiatin — = —= = 5hear force
g = e (F)
. - dF d*y .
Differentiatin — = —— =Loading (&N
s dx dz? .
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Macaulay's Method

1. Take the origin on the extreme left.
2. Take a section in the last segment of the beam and calculate BM by considering left
portion.

3. Integrate (x-a) using the formula

[ (x—a)’

| (z-a)dx = 5

4. If the expression (x-a)" becomes negative on substituting the value of x, neglect the terms
containing the factor (x-a)"

5. If the beam carries UDL and if the section doesn't cuts the UDL, extend the UDL upto the
section and impose a UDL in the opposite direction to counteract it.

6. If a couple is acting, the BM equation is modified as; M =R A x + M (x-a)°.

/ M
| \ |
X

| TR“

7. The constant C; and C, all determined using boundary conditions.
a) S.S. Beam — Deflection is zero at supports
b) Cantilever — Deflection and slope are zero at support.

Problems:

1. Determine the maximum deflection in a simply supported beam of length L carrying a
concentrated load P at its midspan.

ETy'" = %F.r — P{z — éL}
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Ely =iPs? — 1Pz — 1L)>+ ¢

Atx=0;y=0 .. C, =0
Atx=Ly=0

0=LPL®— LPL*+ C,L

¢y = -4 PL?

Maximum deflection occurs at x = L/2

Substituting the values of x and C; in equation.... (2)

Elymar = 35 P(5L)° — §P(3L — 3L)° — 5 PL?(3L)
PL?

Hmae = —

Y ARET

The negative sign indicates that the deflection is below the undeformed neural axis

PL?
1REI

Omar =

3. Determine the maximum deflection in a simply supported beam of length L

carrying a uniformly distributed load ‘w’ for the entire length of the beam.

Solution : From the following fig

w

AAAANNANANNANNANANNN

L
Ely" = %HJ,,L.r: — %m,,,rz
Ely' = qwola® — gwoz® +Cy )
[ I S S E :
Ely = suw,La” — qwpn” + Cre + 0y Q)

At x=0y=0and C, =0
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Atx=Ly=0
0= %u',,[.-* — j—utt})L'} + ' L
O, = —%HJ“ L*

Substituting the C; values in equation 2 we get
Ely = %tt',, La® — ﬁ w,rt — ﬁu',, LPr

X = L/2, yis maximum due to symmetric loading
ET Ymar = ﬁu‘nL(éL)S - 31_4”0(%{")4 - ﬁ“‘oLz[éL)

— O e T4
ET Yinaz = _EHQL
S, L
" 3RAET
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UNIT 7
TORSION OF SHAFTS

Bending Moment

The moment applied in a vertical plane containing the longitudinal axis is resisted by
longitudinal tensile and compressive stresses of varying intensities across the depth of beam
and are called as bending stresses. The moment applied is called Bending Moment.

Torsional Moment

The moment applied in a vertical plane perpendicular to the longitudinal axis i.e., in the plane
of the cross section of the member, it causes twisting of layers which will be resisted by the
shear stresses. The moment applied is called Torsion Moment or Torsional Moment. Torsion
is useful form of transmitting power and its application is seen in screws and shafts.

PURE TORSION

A circular member is said to be in a state of pure torsion when it is subjected to a twisting
moment which coincides with the axis of the shaft and not accompanied by bending and axial
force.

ASSUMPTIONS IN TORSION THEORY

1. Material is homogenous and isotropic

2. Plane section remain plane before and after twisting i.e., no warpage of planes.
3. Twist along the shaft is uniform.

4. Radii which are straight before twisting remain straight after twisting.

5. Stresses are within the proportional limit.

DERIVATION OF TORSIONAL EQUATION:

Torsional Rigidity

We have 5 e —

As product (Clp ) is increased deformation g reduces. This product gives the strength of the
section to resist torque and is called Torsional rigidity.
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Polar Modulus : (Zp)

“We have l = E
L r
Masimum shear stress occurs at suwrface
I
T=f, =
E
T=f, 2,

POWER TRANSMITTED BY SHAFT

Power transmitted = Torsional moment x Angle through which the torsional moment rotates /
unit tank

If the shaft rotates with “N' rpm

=T(1\T. 2:n:J
&
FPower transmitted = ——— MNm fsec

2T T

Fower transmitted inkkw = =

60%1000  30.000

Note:
Nisinrpmand T is in N-m

Problems:

1. Find the maximum shear stress induced in a solid circular shaft of diameter 200
mm when the shaft transmits 190 kW power at 200 rpm

4
Given data: Power transmitted, P = 190 kW, |, = ’%= 1.57 X 10° mm"*

speed N =200 rpm and diameter of shaft =200 mm.

_ 2nNT
60000
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T = 090919 _ 9076.4N — m = 9.08 x 106N-mm
2t%x200

T
Fromthe formulae _ — Is

Ip r

Substituting all the values f; = 5.78N/mm?.

2. A solid shaft of mild steel 200 mm in diameter is to be replaced by hollow shaft of
allowable shear stress is 22% greater. If the power to be transmitted is to be
increased by 20% and the speed of rotation increased by 6%, determine the
maximum internal diameter of the hollow shaft. The external diameter of the hollow
shaft is to be 200 mm.

Solution: Given that:

Diameter of solid shaft d =200 mm

For hollow shaft diameter, do =200 mm

Shear stress; th=1.22 t

Power transmitted; Py =1.20 P

Speed Np =1.06 Ns
As the power transmitted by hollow shaft

Py =1.20 Ps

(2N Th)/60 = (21.Ns. T5)/60 x 1.20

NH.TH =1.20 NS.TS

1.06 Ng. T = 1.20 N, T,

1.06/1.20 Ty = Ts

1.06/1.20 x /16 t [(do)* — (di)*/do] = 1/16 ts.[d]*
1.06/1.20 x 1.22 t; [(200)* — (d;)*/200] = ts x [200]*
di =104 mm

3. A solid shaft is subjected to a maximum torque of 1.5 MN.cm Estimate the diameter
for the shaft, if the allowable shearing stress and the twist are limited to 1 kN/cm? and
10 respectively for 200 cm length of shaft. Take G = 80 x 10° N/cm?

Solution: Since we have

T/, =fJr=C.0/L
fo=T.l,r=15x10°/0/32.d"*. d/2
1x10° * 271 /1.5 x 10° * 32 = 1/d°

d =19.69 cm

6=T.L/C.l,

1.5%x10°*2n/15x10°*32=1/d°

d =19.69 cm

0=T.L/C.Ip

1.5 x 10° * 200 d/80 * 10° * 7/32 d* = /180
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d®*=1.5x 10° * 180 * 200 * 32/ (80 * 10° * & * )
d=27.97 cm

4. A hollow circular shaft of 20 mm thickness transmits 300 kW power at 200 r.p.m.
Determine the external diameter of the shaft if the shear strain due to torsion is

not to exceed 0.00086. Take modulus of rigidity = 0.8 x 10° N/mm?.
Solution: Let d;=inner diameter of circular shaft
do = outer diameter of circular shaft
Then do=dj+ 2t where t = thickness
do=di+2*20
do=d;+40

di = do —-40
Since we have
Power transmitted = 2z NT/60
300,000 =21 * 200 * T / 60
R T = 14323900 N mm
Also, we have C =fly
N 0.8 * 10° = f; /0.00086
— f, = 68.8 N/mm?
Now T=w/16. fs.(dg — di* / do)
14323900 = f, /16 * 68.8 (do" — (do — 40)* / do)
1060334.6 dg = do”* — (do — 40)*
= (do? — do? + 80d,— 1600)*(d 2 + d Z—80d , + 1600)
= (80do — 1600) (2d>— 80dj, + 1600)
=80 (do — 20) * 2 * (do? — 40 d + 800)
=160 (dg° — 400|O + 800 do—20d & +800d ,— 16000)

1060334.6 do / 160 60d -+ 1600d; — 16000
6677 d0 o 46 éj % 3 1600 d —1600°

d03 60do + 1%00d0— 6627 d - 1%000 =0
do - 60d,% — 5027 d, — 16000 = 0

AR

Using trial and error method to solve the above equation for do, we get dp = 107.5 mm.
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Unit 8
Elastic Stability of Columns

Columns and Struts:

Columns and struts are structural members subjected to compressive forces. Theses members
are often subjected to axial forces, although they may be loaded eccentrically. The lengths of
these members are large compared to their lateral dimensions. In general vertical compressive
members called columns and inclined compressive members are called struts.

CLASSIFICATION OF COLUMNS:

Columns are generally classified in to three general types. The distinction between types of
columns is not well, but a generally accepted measure is based on the slenderness ratio

(Ie/r min).
Short Column :

A short column essentially fails by crushing and not by buckling. A column is said to be short,
if le /b 45 or lg /rmin 58, where |, = effective length, b = least lateral dimension and ryin=
minimum radius of gyration.

Long Column :

A long column essentially fails by buckling and not by crushing. In long columns, the stress at
failure is less than the yield stress. A column is said to be long le/b > 15 or l¢ /rmin> 50.

Intermediate Column :

An intermediate column is one which fails by a combination of crushing and buckling.

Elastic Stability of Column

Consider a long column subjected to an axial load P as shown in figure. The column deflects
laterally when a small test load F is applied in lateral direction. If the axial load is small, the
column regains its stable position when the test load is removed. At a certain value of the
axial load, the column fails to regain its stable position even after the removal of the test load.
The column is then said to have failed by buckling and the corresponding axial load is called
Critical Load or failure Load or Crippling Load
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F———>

Tp
SLENDERNESS RATIO *)

Slenderness ratio is defined as the ratio of effective length (l¢ ) of the column to the minimum
radius of gyration (r min ) of the cross section.

Since an axially loaded column tends to buckle about the axis of minimum moment of inertia
(I'min), the minimum radius of gyration is used to calculate slenderness ratio.

Further, r Lo , where A is the cross sectional area of column.

min
EFFECTIVE LENGTH OF COLUMN (/e)

Effective length is the length of an imaginary column with both ends hinged and whose
critical load is the same as the column with given end conditions. It should be noted that the
material and geometric properties should be the same in the above columns. The effective
length of a column depends on its end condition. Following are the effective lengths for some
standard cases.
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Both ends are
hinged

Both ends are fixed

One end fixed and
other end hinged

One end fixed and
other end is free

A

/i

a

W

A

/7//

Effective Length
Le=1L

Effective Length
L

L. =—

¢ 2

Effective Length

L
e_\/'E

Effective Length
Le = 2L

Euler’s Theorem

Theoretical analysis of the critical load for long columns was made by the great Swiss
mathematician Leonard Euler (pronounced as Oiler). The assumptions made in the analysis

are as follows:

e The column is long and fails by buckling.
e The column is axially loaded.
e The column is perfectly straight and the cross sections are uniform (prismatic).

e The column is initially free from stress.

e The column is perfectly elastic, homogeneous and isotropic.

Eulers Critical Load for Long Columns

Case (1) Both ends hinged

Consider a long column with both ends hinged subjected to critical load P as shown.
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T —H

Consider a section at a distance x from the origin. Let y be the deflection of the column at this
section. Bending moment in terms of load P and deflection y is given by

M=-Py S—G

We can also write that for beams/columns the bending moment is proportional to the
curvature of the beam, which, for small deflection can be expressed as

A%y,
M_& o M=El"" (2)
EIl daxc? dx?

where E is the Young's modulus and | is the moment of Inertia.

Substituting eq.(1) ineq.(2)

dgy
—FPy=EI )
P
ot d_:-;r+ i :I:I
dx EI
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This is a second order differential equation, which has a general solution form of

y=0C) sin[xg] + Ca COS[IE] ----=-(3]

where C; and C, are constants. The values of constants can be obtained by applying the
boundary conditions:

() y=0at x =0. That is, the deflection of the column must be zero at each end since it is
pinned at each end. Applying these conditions (putting these values into the eq. (3)) gives us
the following results: For y to be zero at x =0, the value of C, must be zero (since cos (0) = 1).

(i) Substituting y=0at x = L ineq. (3) lead to the following.

0=0Cy ain LJE
EI

While for y to be zero at x = L, then either C; must be zero (which leaves us with no equation
atall, if C; and C; are both zero), or

in [LE] ~o

which results in the fact that

P i .
B
P
or L. |—=nmn where n=01.22 .
EI

n?m El

or F= 2

Taking least significant value of n, i.e.n=1
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3
We have F= WL:EI
or Fg = ﬂjf d

where |l =L.
Case (2) Both ends fixed

Consider a long column with both ends fixed subjected to critical load P as shown.

Consider a section at a distance x from the origin. Let y be the deflection of the column at this
section. Bending moment in terms of load P, fixed end moment M 0 and deflection y is given

by
M=—P v+ S——

We can also write that for beams/columns the bending moment is proportional to the
curvature of the beam, which, for small deflection can be expressed as

M _ dty
B gt
3
or M=EI ij e -(2)
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where E is the Young's modulus and 1 is the moment of Inertia.

Substituting eq.(1) ineq.(2)

d:‘;
—Py+M.;.=EIdX—5:
2
ot d_j?'+ i F:ﬂ
d=? EI Bi

This is a second order differential equation, which has a general solution form of

} F T M
¥ =121 sin [x ﬁ] + s cos[x ﬁ] + ?'3 = (3

where C; and C; are constants. The values of constants can be obtained by applying the
boundary conditions:

() y=0at x =0. That is, the deflection of the column must be zero at near end since it is
fixed. Applying this condition (putting these values into the eq. (3)) gives us the following
result:

M
o= Mo
TP

.. d
i) At X = O_y:O, that is, the slope of the column must be zero, since it is fixed.
dx

d_}.r: E Cos i - \/E sin \/E ————
dx Cl\/; [X\/;] C2yg [X EI] @

Substituting the boundary condition in eq. (4)

I
0= ] —
EI

Hence, =10

Substituting the constants C; and C; ineq. (3) leads to the following
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M, 7). M,
—_ % £+ 2 (5
¥ E cos[x Ef] 5 )]

To find Euler's critical load P E apply the third boundary condition.

when x =L,y =0. That is, the deflection of the fixed end of the column must be zero.
Applying these conditions (substituting these values into the eq. (5)) the following results
were obtained

0= —" cos (LVE) + Mo
P El P

1= 05(L\/§

(LV- g) =nmn

n?m2El

P=—r

where n=0,2.4,6.......

Limitations of Euler’'s Theory

2
1. We have, Euler's critical load, B = ”1251 It can be seen that critical load depends only on

e

the modulus and dimensions of column, and not on strength of the material. For instance,
according to Euler's formula the critical load remains the same whether the columns is made
of mild steel or high strength steel. However, one should note that the above columns will
have different strengths.

2. We have, Euler's critical load,

Therefore corresponding limiting stress at failure is given by

m2E]
PE = 12
e
f:P—E _ mEl _  mE
A I°A P
€ C
T'min
Since —
I, = T
min

A
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The variation of limiting stress ‘f' versus slenderness ratio_'e_ in the above equation is

Tmin

shown below.

—Le

Tmin

The above plot shows that the limiting stress ‘f' decreases as increases. In fact, when very
small, limiting stress is is close to infinity, which is not rational. Limiting stress cannot be
greater than the yield stress of the material.

3. Eulers formula determines the critical load, not the working load. Suitable factor of safety
(which is about 1.7 to 2.5) should be considered to obtain the allowable load.

Rankine's critical Load

d_t,1 e
Py Fe B
“Where, Pr =Fankine s critical load

Pr=fr & = Crushing load for short columns

TR

2
e

Fr=

= Eulet’s critical load for long columns

Rankine Gordon Load is given by the following empirical formula,

This relationship is assumed to be valid for short, medium and long columns. This relation can
be used to find the load carrying capacity of a column subjected to crushing and/or buckling.

Fromeq. (1) P _ _PgPc _ _P¢

R ™ p.+P;  1+%¢
Pg
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Substituting Pc and Pg in the above relation

Jo 4 S A
PR - — = 3
NI
a4 TE) I
T El
32
Since fﬂ = (i)
A
A
Pr /. =
P,
Here,a = e — Rankine Constant, and f = Crushing or yield stress
T2E ¢

The Rankine formula is applicable to both short and long columns

The Rankine's formula for critical load is given by

— = S

where, Pc = Critical load for short column that fails in crushing

Pe = Euler's critical load for long column that fails by
buckling

In short columns, Pg is very large when compared with Pc , i.e., Pe >> Pc

Hence 1 x0
Pg

Substituting ineq (1) PL =Pi — B =P,
R c

Hence it can be concluded that Rankine's formula is valid for short columns.
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In long columns, Pc is very large when compared with Pg, i.e., Pc >> Pg

Hence L x~0
Pg

Substituting in eq (1) 1= p =p
Pr P, ¢

Hence it can be concluded that Rankine's formula is valid for long columns.

Problems:

1. A solid round bar 4.5 m long and 60 mm in diameter was found to extend 4.6 mm
under a tensile load of 60 kN. This bar is used as a strut with both ends fixed.
Determine the buckling load for the bar and also the safe load taking factor of
safety as 4.

Given data: Diameter of the bar = 60 mm, length = 4.5 m, tensile load = 60 kN, FS =4 and
deflection = 4.6 mm. Effective length = 2/ = 9000mm

Area of the bar = 2827mm?, |1 = 10.18 X 10° mm*
P
= 14— 2076 x 10°N/mm?

m?El w2 x 10.18 x 106 X 2.076 x 10

P = = —
F= 55002 25747 N

Safe Load = 25747/4=6436.75 N

2. Find the Euler’s critical load for a hollow cylindrical cast iron column 150 mm
external diameter, 20 mm wall thickness if it is 6 m long with hinges at both ends.
Assume Young’s modulus of cast iron as 80 kN/mm?. Compare this load with given
by Rankine’s formula using Rankine’s constant a = 1/1,600 and f. = 567 N/mm?.

Given Data: External diameter = 150 mm, thickness =20 mm, length=6 m, E =80
kN/mm?, a = 1/1,600 and f. = 567 N/mm?,

Ao =8167.41 mm?, 1 =17.66 X 10° mm*

From Euler’s Condition] =1 P = ™El — mXx80x10°x17.66x10° _ 397 33N
¢ B2 60002
From Rankine Formulae P _ _ fA ~ 567x816741 = 406.01kN
R — o 27 +—1_ 6000 2
1+a§ ) 1 1600 (E)

min
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